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Abstract 

We prove a ratio ergodic theorem for amenable equivalence relations satisfying a 
strong form of the Besicovich covering property. We then use this result to study 
general non-singular actions of non-abelian free groups and establish a ratio ergodic 
theorem for averages along horospheres. 
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1 Introduction 

Consider a non-singular action of a countable group G on a standard a-fmite measure space 
(X, B, f]), which we denote by x i— > T 9 x. From the action on X, there is an induced isometric 
action on L°°(X) also denoted by T 9 given by T 9 f(x) = f(T 9 x). This induces an isometric 
action on the Banach pre-dual of L°°(X,r]), namely on ^(X, rj) which is given by T 9 (f) = 

rpg n _ dgr) 
J drj 

This set-up gives rise to a wide array of important and interesting examples of actions, 
where one would like to study the statistical properties of the distribution of the orbits of 
G m. X. Very little is known about this problem for general groups, and let us begin by 
reviewing the main results in the case of actions of Abelian groups. 



1.1 The ratio ergodic theorem for commuting transformations 

For Z-actions there is a generalization of Birkhoff 's pointwise ergodic theorem due to Hopf 
[Ho37], later generalized by Hurewicz [Hu44] and extended to operators by Chacon-Ornstein 
[CO60]. Hopf's ratio ergodic theorem states that if T : (X, A) —> (X, A) is non-singular and 
conservative, u, v 6 L l (X, A) and f v dX ^ then the ratios 

V" f k v 
RATIO>,d := Z " fc=0 ^ 

converge pointwise almost everywhere as n — > oo to a function r(u, v) on X satisfying 

• r(u, v ) o T = r(u, v), namely r(u, v) is T-invariant, 

• / / • r(u, v)v d\ = Jf-ud\ for any / G L°°(X) such that / o T = /. 

In particular, if T is ergodic then r(u, v) equals the constant |" ^ almost everywhere. In 
general, 



r(u, v) = E 



~u 






1 


-V 





is the conditional expectation of - on the cr-algebra I of T-invariant sets with respect to the 
measure A„ defined by d\ v = vdX. 
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This result has only recently been extended to Z d actions by Feldman [Fe07] and by 
Hochman [HolO]. There are no known results of a similarly general nature for any non- 
amenable group; nor are there counterexamples. In particular the following basic problem 
is open. 

Question 1.1. Let F = (ai, . . . , a r ) be a rank r > 2 free group. Let (T 5 ) 9gF be a conservative 
action on a standard a-finite measure space (X, B, A) by non-singular transformations. Let 
(T 9 ) g£F be the induced isometric action on the Banach pre-dual of L°°(X). For 

g £ F, let \g\ denote its word length with respect to the given generators. For u, v e L l (X) 
with JT v dX ^ let 

RATIO n M := |g| ^ . 

^\ 9 \<n Tkv 

Then does the sequence RATI0 2n [^,^] converge pointwise almost everywhere as n — > oo ? 
and if so, what is its limit ? 

It is necessary to consider RATl0 2n [u,v] rather than RATIO n [w, v) due to a certain 
well-known periodicity phenomenon which occurs if the action has an eigenfunction with 
eigenvalue —1. 

The same question arises with \g\ < n replaced with \g\ = n and with L 1 replaced with 
LP for p G [1, +oo]. It is also natural to consider averages other than the uniform averages 
over spheres, for example random walk averages given by convolution powers. One would 
also like to consider averages in groups other than free groups. 



1.2 Ratio equidistribution of dense subgroups 

Part of the interest in this problem comes from the special case in which (X, B, A) is a locally 
compact group with Haar measure, <fi : V — > X is a group homomorphism onto a dense 
subgroup, the action (T 9 ) ge r is given by T 9 (x) = <fi(g)x and u, v are compactly supported 
continuous functions. In this case, it is natural to ask whether the ratios RATIO n [w, v] 
converge everywhere (instead of almost everywhere). 

Arnol'd and Krylov were among the first to consider the problem of establishing equidis- 
tribution for actions of free groups [AK63]. They established uniform convergence in the 
case when the group X is SOs(K), but the same method applies whenever the group X is 
compact. We note that the case that the underlying invariant measure is finite the mean 
and subsequently the pointwise ergodic theorem for completely general actions of free groups 
were considered by several authors |Gu68j [Gr99] |Ne94j jNS94] jBuOOj jBNlO] fsee also the re- 
cent survey |BK]). 

Kazhdan considered equidistribution of ratios in the case when X is the isometry group 
of the Euclidean plane and the averages are random walk averages [Ka65]. His argument 
was corrected and the results extended by Guivarc'h [Gu76] (see also [Vo04]). An important 
advance in the case when X equals the isometry group of Euclidean n-space was very recently 
obtained by Varju |Val2j . Breuillard has obtained positive results when X is the Heisenberg 
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group [Br05] and the averages are random walk averages. He has also obtained positive 
results when X is any simply-connected nilpotent Lie group [BrlO] and the averages are 
uniform over balls in the Cayley graph of the image group $(T). A survey of these results 
can be found in [Brxx]. 

1.3 Some recent ratio ergodic theorems : lattice actions on homo- 
geneous spaces 

Let us now describe some developments over the last decade, which pertain to actions of a 
lattice subgroup T of a semisimple algebraic group G on homogeneous spaces G/H of G. In 
order to keep the exposition focused, let us concentrate on the case G = SL 2 (M), although 
all the results we will describe apply in much greater generality. 

To gain some perspective on the subtlety of the problem of establishing ratio ergodic 
theorems and some of the difficulties that must be overcome, we consider the following three 
actions. Let T C SX 2 (M) be any lattice subgroup, for example a lattice isomorphic to the 
free group F r . 

1.3.1 Lattice action on the boundary of the hyperbolic plane. 

Consider the homogeneous space B = SL 2 ($L)/P = P 1 (R) where P is the group of upper 
triangular matrices. Fix a point o G G/K = H 2 , the G-invariant metric d, and the K- 
invariant probability measure m on B. For any line [v] G B, and any two continuous 
functions <fi and ip on B, 

lim E rf(70 , )<T<KM7) = J B (f>([w])dm([w]) 

J R 2 1>([w])dm([w]) 

This result is based on a precise asymptotics established for the expression ^2 d ^ a D ) <T 0(Ht) 
in |G03j , from which the ratio equidistribution theorem is an immediate corollary. The lattice 
action on the boundary G/P was originally considered more generally by Gorodnik [G03J, 
and developed further in Gorodnik-Maucourant IGMO-lj and Gorodnik-Oh [GO07]. 

1.3.2 Lattice action on the Euclidean plane. 

Consider the homogeneous space M 2 \ {0} = SL-2(M.)/N, N the upper triangular unipotent 
group. Fix any norm on M20R). Let v G M 2 be any vector whose T-orbit is dense in M 2 . 
Then given any two continuous compactly supported functions <f>,if) on IR 2 , 

r E|| 7 ||<r ( K^7) _ / R2 <p{w)a v {w)dw 
T ->°° E|| 7 ||<tV>M Ir2 ^(w)a v (w)dw 

where a v {w) is a positive continuous density on M 2 (and dw denotes Lebesgue measure). 
Once again, this result is based on a precise asymptotics established for the expression 
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^II 7 II <T 0(f 7) in Theorem 12.2 of [GW07], from which the ratio equidistribution theorem is 
an immediate corollary. 

Let us note that the limiting density in the ratio theorem depends non-trivially on the 
starting point v G R 2 , and for any given v, depends non-trivially on the norm. This is shown 
explicitly in [GW07], which in turn generalizes previous work of Ledrappier [LP99][LP01] 
and Ledrappier- Pollicott [LP03] [LP05]. 

1.3.3 Lattice action on the quadratic surface (de-Sitter space). 

Consider now the homogeneous space X = SL 2 (M.)/A, where A is the diagonal group. It can 
be realized as the one-sheeted hyperboloid in R 3 given by the level set of a quadratic form 
of signature (2,1) invariant under SX 2 (R) = SO°(2, 1). The quadratic surface in question 
is also called de-Sitter space. Fix any norm on M 2 (R). Using polar coordinate system on 
de-Sitter's space, namely R x S 1 t— > X : (r, uj) i— > (to cosh r, sinhr), for every 0, if) G L}(X) 
with compact support and for almost every v G X , 

S|M|<t < K' i; 7) fy 4>{r,oj) cosh rdrdu 

lim — — — = —-^ 

t-hx) ^i| 7 ||<T ^{ v l) fx ^( r ' u ) cosn r d r doo 

Note that the limiting density here is not the G-invariant measure on the quadratic surface, 
but it is in fact independent of the starting point and the norm in this case. 

Once again, this result is based on the precise asymptotics lim^oo ~ J2yer t 4>( v l) = 
c 2(r) J x 4>(r,u) (cosh r) drdu (for some c 2 (r) > 0) established in |GN12bj . 

Further examples of precise asymptotics for actions of lattices in algebraic groups acting 
on homogeneous spaces with infinite invariant measure were established in |GW07j . and 
[GN1 2b|. These give rise to further ratio equidistribution theorems, or almost sure ratio 
ergodic theorems. A further discussion can be found in [GN12aj . 

1.4 A dynamical approach to ratio theorems for free groups 

This paper explores a new approach to Question II .11 related to a recent proof of the pointwise 
ergodic theorem for spherical averages in free groups [BN10], and its generalization in |BNllj . 
To set the notation, let F = (a±, . . . ,a r ) denote the free group of rank r > 2. Let S = 
U[ =1 {aj, a^ 1 } be the free symmetric generating set. The reduced form of an element g G F is 
the unique expression of the form g — s 1 ■ ■ ■ s n with G S and s i+ i ^ s^ 1 for all i. Define 
\g\ := n, the length of the reduced form of g. Define a distance on F by <i(gi,g 2 ) := \g^ 1 g 2 \. 

The boundary d¥ is the subspace of all sequences £ = (si, s 2 , . . .) G S* N such that Si + ± ^ 
Sj" 1 for all i > 1. It is naturally endowed with a Markov probability measure v determined 
as follows. Let (si, . . . , s n ) G S n be an arbitrary sequence such that s i+ i ^ s^ 1 for all i > 1. 
Then 

G d¥ : = Si VI < % < n}) = (2r)- 1 (2r - l)" (n " 1} . 
There is a natural action of F on <9F by 

(*!••■ t n )(si, S 2 , . . .) = (ti, . . . , t n -k, Sfe+i, Sk+2, ■ ■ •) 
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where ti, . . . ,t n G S, g = t\ ■ ■ ■ t n G F is in reduced form and k is the largest number < n 
such that s^ 1 = £ n +i-j for all i < k. 

The action preserves the measure class of v. For any £ G d¥, the set 



is the horosphere centered at £ passing through the identity element e. It can alternatively 
be described as the set of all elements g G F such that for some n = n(g) > 0, (g _1 £)i = & 
for alii > n (i.e., g -1 preserves the 'tail' of £, from some point onwards). 

We let 7?.o C d¥ x 9F be the equivalence relation given by £ £' if and only if there is 
an n > such that & = for all i > n. In other words, £ ~-^. £' if there exists g E such 
that <rt = 

Now let (X, £>, A) be a standard cr-finite measure space on which F acts by non-singular 
transformations. Let TZq(X) C X x d¥ x X x dF be the equivalence relation under which 
(x,£) is equivalent to if and only if there is a g G -ffg such that (?/,£') = (g^x, g -1 ^). 

Our main theorem is: 

Theorem 1.1. Ifu,v G L^X x dF), v > i/ien i/ie ratios 



iL4T/O 2 >, W ](;r,0 := 



^9- 1 e^,l9l<2n T ^( 3; '0 



converge pointwise almost everywhere as n — > oo to a TZq{X) -invariant function r(u,v) 
(which, if1Z (X) is ergodic equals j" j^^ 1 

It is an open question whether the analogous statement with the condition \g\ < 2n 
replaced by \g\ = 2n holds true. 

In the case when (X, B, A) is a probability space and the action is measure-preserving, 
we proved in [BN1] that the averages 

#{g- 1 eH<,\g\<2n} , ^ ^u{x,0 

converge almost everywhere to F\ xv [u\TZo(X)](x, £) which is the conditional expectation of it 
on the ex-algebra of 7?-o(X)-saturated set. Moreover, if u(x, £) = is a function of the first 
argument only then E^ Xi ,[ii|7£o(X)](x, £) is equal to E A [ii|F 2 ], the conditional expectation of 
u on the a-algebra of F 2 -invariant sets (where F 2 < F is the index 2 subgroup consisting of all 
g G F with \g\ even). In particular if F 2 acts ergodically on (X, B, A) then the above averages 
converge pointwise a.e. to the integral J u(x) dx. By averaging the above averages over the 
whole boundary we obtained pointwise ergodic theorems for uniform spherical averages in 
free groups [BN1]. 

In the general case, when (X, B, A) is a-finite and the action is merely non-singular 
then there are examples (provided in §4]) showing that F\ xu [u\7Zo(X)] does not necessarily 
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equal E^[m|F 2 ]. Many interesting cases remain open. For example, it is not known whether 
E^ Xl/ [u|7?o(X)] = Ea[m|F 2 ] in the special case when X is the isometry group of Euclidean 
n-space and : F — > X is a homomorphism onto a dense subgroup and the action (T 9 ) g£ ^ 
is given by T 9 x = 4>(g)x. 

1.5 Organization of the paper 

To begin, in §2] we prove a ratio ergodic theorem for measured equivalence relations with 
respect to averages on subsets satisfying some extreme invariance properties. It seems likely 
that the hypotheses in this result can be relaxed. Next we show in §3 that the horospherical 
equivalence relation described above have natural subsets that satisfy the hypotheses of §2. 
This implies our main result for the free group. In §H]we exhibit some examples pertaining 
to the issue of whether ergodicity of F rx (X, £>, A) implies ergodicity of the relation TZ (X). 
Acknowledgements. L. B. would like to thank Mike Hochman for useful conversations. 

2 A ratio ergodic theorem for amenable equivalence 
relations 

Consider a standard a-fmite measure space (B, v) with a Borel equivalence relation TZ C 
B x B. We assume that TZ is discrete and quasi-invariant (with respect to v). Discrete 
means that for each b G B, the equivalence class [b] of b is at most countable. Quasi- 
invariant means that for any Borel A C B with v{A) = 0, its saturation [A] := U ag A[a] also 
has v-me&sme zero. Integrating the counting measures on the fibers of the left projection 
(x, y) G TZ i-> x gives the left counting measure M on TZ satisfying dM(x,y) = dv(x). The 
right counting measure M is defined by dM(x,y) = dM(y,x). Because v is quasi- invariant, 
these two measures are equivalent and D(x,y) := y) is the Radon-Nikodym cocycle. 

Thus the cocycle identity D(x, z) = D(x, y)D(y, z) is satisfied, for almost all x,y,z G B.. 

Suppose that T = {J r n }'^L 1 is a sequence of measurable functions T n : B — >■ 2g n (where 
2j? n denotes the space of finite subsets of B) such that J- n (b) is a subset of the ^-equivalence 
class of b for every b. We will need the following definitions. 

1. Let Inn(7?.) denote the group of inner automorphisms of TZ. These are invertible Borel 
maps (j) : B — >• B with graph contained in TZ. A set $ C hm(TZ) generates TZ if for all 
(61,62) G TZ there exists (ft G ($) such that <j)(b\) = 62 (where (<&) denotes the group 
generated by $). 

2. J 7 is extremely asymptotically invariant if lim^oo |J-" n (6)| = +00 for z/-a.e. b and there 
exists a countable generating set $ C Inn(72.) such that for every <fi G $ and b G B 
there exists aniV = N(<f),b) such that n > N implies J- n (b) = (p{J- n {b)). 

3. J 7 satisfies the extreme Besicovich property if for every (b, b') G TZ and any n > 0, 
either J-" n (6) = J^nip') or J-" n (6) D J r n {b') = 0- Moreover, we require that there exists an 
N = N(b, b') such that n > N implies F n (b) = T n (b'). 
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4. T is anchored if b G J~ n (p) f° r every n. 

For u,v & L P (B) with J v du ^ consider the sums SUM^[w] G and ratios 

RATIO^[w,v] defined by 

SUM£[«](6) := ]T u(V)DQ/,b), 

b'eT n (b) 

SUM£[u](6) 



RATIO„[u,-u](6) 



SUM£[«](6) 



For it G L l (B,v) let Ej,[ii|7?.] denotes the conditional expectation of w on the cx-algebra of 
^-invariant sets with respect to the measure v. 
The main result of this section is: 

Theorem 2.1. If J 7 is extremely asymptotically invariant, anchored and satisfies the extreme 
Besicovich property then J 7 is a pointwise ratio ergodic sequence in L 1 . Namely, for every 
u, v G L l {B,v), with v > on B, RATIO^[u,v] converges pointwise almost everywhere as 
n — > oo to a function r(u,v) on B satisfying 

• r(u,v) is an IZ-invariant function, 

• J f ■ r(u, v)v dv = J f ■ u dv for any f G L°°(B) which is IZ-invariant. 

In particular, if IZ is ergodic then r(u,v) equals the constant j" ^ almost everywhere. In 
general, 

r{u,v) = E Uv \- n 

is the conditional expectation of - on the a-algebra of IZ-invariant sets with respect to the 
measure v v defined by dv v = vdv. 

We would like to point out that the hypotheses are certainly not necessary. For example, 
the classical ratio ergodic theorem for averages along intervals of Z could be phrased in the 
language of equivalence relations. But expanding intervals in Z are neither extremely asymp- 
totically invariant nor do they satisfy the extreme Besicovich property. It is an open problem 
to determine general hypotheses on T guaranteeing that it is a ratio ergodic sequence. 

The proof of Theorem 12.11 follows a classical recipe: we first prove that it holds true for 
fixed v and for u in a naturally defined dense subset of L l . Then with the aid of a maximal 
inequality, we show that it holds for all « in L 1 . To be precise: 

Theorem 2.2 (Dense set of good functions). If J 7 is extremely asymptotically invariant 
then, given v G ^(B) with v > on B, there exists a norm dense subspace C v C L l (B) 
such that for all u G C v , RATIO^[u,v] converges pointwise almost everywhere. 

Let M^[u,v\ := sup n |RATIO^[«, v]\. We will prove the following weak-type (1, 1) max- 
imal inequality. 



S 



Theorem 2.3 (L 1 maximal inequality). Suppose that J 7 is anchored and satisfies the extreme 
Besicovich property. Then for any u, v G L X (B) with v > (and v not identically zero) and 
any e > 0, 



yj{b G B : M T [u,v](b) > e}) < - [ u{b) dv{b) < 

V ' e ./{M- F [u,i>](&)>e} 



where v v is the measure dv v = vdv. 



2.1 A dense set of good functions 
Lemma 2.1. For any f G L^iy) and <ft G Inn(7?.), 

f(b)D(<j>b,b) <&/(&) = / /(r^) <M&)- 

Proo/. Recall that D{<f>b,b) dM((j)b,b) = dM((j)b,b). Therefore 

f(b)D(</>b,b) <M&) = / f(b)D(<t>b,b) dM{4>b,b) = I /(&) dM{<j>b,b) = I f(r l b) du(b). 



□ 

Lemma 2.2. Let J 7 be extremely asymptotically invariant and $ C Inn(7?.) be a countable 
generating set witnessing its extreme asymptotic invariance. For <p G $ and it G 
define G L X (B) by 

u^b) :=u{b)-u{<f>{b))D{<f>{b),b). 

Then SUM^[u^\ converges pointwise almost everywhere to = [n^jT^-] . Moreover the 
span of {u^ : it G G $} is norm dense in L\(B) (= the set of w G L}{B) with 

E u [w\n] = o). 

Proof. Note 

SUM^](&)= Yl u(b')D(b',b)-u( ( j ) (b>))D( ( J ) (b>),b) = 
b'er n (b) 

for all n > N((f),b) since 0(J-" n (6)) = J r n (b). In particular SUM^fw^] converges pointwise 
almost everywhere to 0. By Lemma [27T| E„[tt,/,|7£] = 0. To see that the span of the set of 
all functions of the above form is norm dense in Lq(B), let L^(B) be the Banach dual of 
Ll(B). Suppose / G Lg°(B), / fu^ dp = for all u G L l Q {B) and G Then 

/(&)«(&) du(b) = [ f{b)u{<t>{b))D{<t>{b)M du(b) = [ f(r l b)u(b) du(b) 



by the previous lemma. Since this equality holds for all u G L\(B\ it follows that / = /o0 _1 
a.e. for every G Since $ is countable and generating, this implies that / is invariant. 
So / = Ej,[/|7£] = a.e. This proves that the weak closure of the span of the collection of 
functions of the form (with u G L (B) and <fi G $) is all of Lq(B). Because the weak 
closure of a subspace equals its norm closure, this proves the lemma. □ 
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We will now use these facts in order to construct, given v G L 1 (5), a norm-dense subset 
C v C such that for u G C v , g^!r|"j converges almost everywhere. 

Proof of Theorem \2.2\ Consider the linear subspace C v of L 1 ^) spanned by all functions of 
the form wv, for all bounded L 1 functions w which are ^-invariant, together with all the 
functions of the form u^, as ranges over the set $ of inner automorphisms defined above, 
and u over (L 1 fl L°°) (v). Thus 

C v = {wv + uj, ; we L°°(v) n , u G L 1 n L°°(u), <\> G $} 

Since w is invariant, clearly RATIO^f-uw, t>] = w. Lemma 12.21 implies that for every 
function y G C v the ratios RATIO^fy, v ] converge almost everywhere. To show that £„ is 
norm dense in L 1 ^), assume that k G L°°{y) satisfies J B ky dv = for all y G £„, and we 
will show that k = 0. But under the foregoing condition we have in particular that 

k{b)u{b) dv{b) = [ k{b)u{<f>{b))D(<f)(b),b) dv{b) = [ k{ct)- l b)u{b) dv{b). 



for every u G L l (v) and G $ by Lemma |2~T1 So must be invariant under <3>. As we noted 
in the proof of Lemma 12.21 above, it follows that k is an ^-invariant function. Therefore by 
definition kv G C v , and hence j B k ■ kv dv = 0, so that k vanishes on the support of v which 
is all of B. Thus C v is weakly dense and therefore norm dense in L l (v). This concludes the 
proof of Theorem 12.21 □ 

2.2 Identifying the limit 

We proceed to identify the limit of RATIO^[u, v] as the ^-invariant function given by the 
conditional expectation K Uv 



n 



where dv v = vdv. 



Lemma 2.3. Let C v be the subspace defined in the proof of Theorem \2.2\ Then for every 
y e C v , 



lim RATIC%[y,v] = E„ 



K 



l 


K 


= K 


z 


K 


V 






V 





and 



Moreover, for any z G L}{y) and e > there exists y G C v with K h 

Proof. First, we already saw in the proof of Theorem 12.21 above that if wv + u^ = y G C v with 
w an ^-invariant function, then lim^oo RATIO^[?/, v] = w. If y has another representation 
y' = w'v + u'p, then it follows that w = w', so that w is uniquely determined by y. 

Thus we can consider the well-defined map y = wv + u^ t— > wv = ^f v (y). We claim that 
: C v — > L^iy) is a contraction when taking the L 1 (i/)-norm on both sides. Indeed, for 
any bounded invariant function k, we have 

ky dv = / (kwv + ku^) dv = kwv dv 
B JB Jb 
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Taking k = sign(ty), k is obviously 7£-invariant since w is, and thus 



\\^v{y)\\ L i {u) = \\wv\\ Ll{u) = / \w\vdv = 

J B 

= J sign(w)wv du = J sign(w)y dv < \\y\\ Ll(u) . 

It follows that \J/„ : C v — > L l (v) can be extended to a linear operator of norm bounded by 1 
from the closure of C v , namely L l (v), to L l (y). 

Note that in actuality, looking first at functions in L v and then at arbitrary functions in 
L 1 (z/), we see that the range of ty v is contained in the closed subspace of L x {v) consisting 
of functions of the form wv, where w is an ^-invariant function. This space is naturally 
identified with the Banach space of ^-invariant functions in L 1 

Clearly, the foregoing shows that for every y G C v , ^ v (y) = wv has the property that for 
every bounded ^-invariant function k, 



/ k^ v {y)dv = I ky dv . 
Jb Jb 



By the norm density of C v and by continuity of ^ v (y), it follows that the last equation is 
valid also for ^ v (z) for every z G L l (v). 
We now claim that for every y G £ v , 



lim RATIO^fj/, u] = w 



My) 



~y 


K 


-V 





Indeed the convergence of the ratios to w was established above, and the fact that w is the 
stated conditional expectation is equivalent to 



kw ■ v dv 



k--vdu 



for every k G L°°(z/)^, which was just verified. Because the conditional expectation is 
continuous and C v is norm-dense, it follows that 



= K 



K 



for every z G L x (v). 

Now let z G L 1 ^) and e > 0. Because ty v has norm at most 1 and C v is norm-dense, there 
is a y G C v such that ^ v (y) = ^ v (z) and \\y — z\\ Ll ,^ < e. The condition ^ v (y) = ^ v (z) 



implies 



K 



K 



as required. 



We will now show that the property that lim^oo RATIO^[m, v 



E„ 



K 



□ 

extends to 



all u G L l (v), by an argument that employs the weak-type (1, 1) ratio maximal inequality. 
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2.3 Applying the ratio maximal inequality 

Proof of Theorem \2.1\ assuming Theorem \2.3[ Let u be any function in L 1 ^) and e > 0. By 
Lemma [2.31 there exists a function y 6 C v which approximates u, namely \\u — y\\ L i^ < e 2 , 



and in addition E, y 



ft 



ft 



Hence, applying the fact that lim^oo RATIO^fy, u] = 



ft 



almost surely, we have 



lim sup 



RATIO^(«, v) — E Uv 



ft 



< lim sup I RATIO^ (u - y , v) I + lim sup RATIO^ (y , v) - E„„ 



it 



Li; 



ft 



lim sup 



By Theorem 12. 3[ 



i/« { limsup |RATIO^(u - j/, v)\ > e } < - \\u - y\\ LHu) < e. 



Since this inequality is valid for all e > 0, we have 



lim sup 



Theorem 12.31 to which we now turn. 



ft 







RATIO£(m,v) -E„„ 

almost everywhere and this completes the proof of Theorem 12.11 subject to the proof of 

□ 



2.4 The weak-type ratio maximal inequality in L 

Proof of Theorem \2.3[ Without loss of generality, we may assume that u is nonnegative. For 
T > 0, define Mi? [u, v] : B -»■ R by 

M£"[u,u](&) := sup RATIO^[«,v](6). 

T>n>0 

Let e > 0. Let .D be the set of all 6 6 S such that M jr [w,f](6) > e and Dt be the set 
of all b G S such that M^[u,t>](6) > e. Since {Dt}t>o is an increasing sequence with 
D = Ut>oDt, it suffices to prove that v v (D T ) < e _1 f D u dv for each T > 0. 

Fix T > and let p : Dt — > R be defined by p(6) = n if n is the largest number such 
that SUM^[m, v](b) > e and n < T. Let C be the collection of all sets of the form F p (b)(b) for 
b G -Dt- Let E be the union of all sets in C. Because J 7 is anchored, it follows that Dt C £7. 
Now the extreme Besicovich property of J 7 implies -Dt = E and the sets in C are pairwise 
disjoint. 

Define F u : B x £ -> R by 
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. F u (b,b')=u(b)\F p{b) (b)\- 1 if beEandb'e JF p{h) {b). 

• F u (b,b') = otherwise. 

Define F v similarly with v in place of u. 

For any b, b' either J>(6)(6) = F P (b')(p') or iF p (p)ip) H F P (v){U) = 0. Therefore, 

u{b)dv{b) = [ Vf u (&,&') dv(b) = [ F u (b,b') dM(b,b') 

J B h , J-R 

F u (b,b')D(b,b') dM(b,b') = [ Y^F u (b,b')D{b,b') du(b>) 

Jb b 

f IT \mi E u(b)D(b,b>) dv(b>) = [ \ MM* [ U ](b>)dv(b>). 



Similarly, 



/ v(b) du{b) = [ 1 SUM^K&O dv{b>). 
Je Je \ J-p(b>){b )\ 

By definition of D T , 

I lT W SUM ^)M(^) du(bf) > e [ \ h , M SVM* [v](b') dv(b'). 

Jd t \Fp{b>) (£>') I Jd t \Fp(b>){V)\ 



Since E = Dt we now have 



/ u{b) dv{b) > e [ v(b) dv{b) 



' D T J Dt 

which implies 

'\u\ 

u{b) dv{b) < - 

'{Mf[u,v](b)>e} 

The theorem follows by letting T — > oo. □ 



u v ({M£[u,v](b) > e}) = u v (D T ) < - f u(b) du(b) < 



2.5 A ratio maximal inequality in L p 

Let us note that the weak type (1,1) maximal inequality can be used to derive a strong type 
L p maximal inequality, as follows. 

Theorem 2.4. Let u,v G L 1 (B,u) with E, u [v\rZ] > (where E U [-\TZ] denotes conditional 
expectation with respect to the sigma- algebra of IZ-invariant Borel sets). Let 

M T [u, v] := sup \ RATIO£[u,v]\. 

n 
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// T is anchored and satisfies the extreme Besicovich property then the strong type L p ratio 
maximal inequality holds, namely, assuming - e L p (v v ) 



\M T [u,v\\\ p 



< 



V 



p 



p 

Lp(u v ) 



or more explicitly 



M T [u,v} p {b)v(b) dv < 



V 



D 



p — 1 



B 



u{b) 



v(b) dv < oo. 



Proof. Let us first recall the following basic fact (see [Ga70j ). Suppose two non- negative 
measurable functions $ and f on a standard cr-finite measure space (Y, rj) satisfy 

1. \1> G L P (Y, rj), for some 1 < p < oo, 

2. 7]{y; $(y) > e} < oo for all e > 0, 

3. ^{y; $(y) > e} < \ J {y . m>e} *(y) d V . 

Then $ is in L P (Y, V ), and ||$|| Wir)) < ^ \M LP(Y , n) ■ 

Fixing v > 0, let us consider the measure space {Y, rj) = (B, v v ), and define $ = M T [u, v], 
and ^ = ~. Then if both u and v are in L 1 ^), we have by Theorem 12.31 



r]{y; $(y)>e} = v v {M T [u,v](b)>e}<- [ 

e J \M T \u 



{M^[u,«;](ft)>e} 



u(b) 



v(b) dv 



V(y) drj 



{y;$(y)>e} 



so that condition 2 and 3 above are satisfied. Assuming in addition that ^ e L p (v v ), condition 
1 above is satisfied as well, and we can conclude that 



M T [u,v]\ 



< 



P 



I Lp{u v ) — p _ J 

and the proof of the LP maximal inequality is complete 



□ 



2.6 Cocycles 

Given an equivalence relation TZ and a sequence J 7 of subset functions with extreme proper- 
ties, one can use cocycles defined on 1Z in order to push T forward to a subset function with 
extreme properties defined on an extension of TZ. This fact will be applied below to actions 
of free groups. In general, suppose (X, A) is a standard measure space, T is a group acting 
by measure-class-preserving transformations on X and a : TZ — > T is a Borel cocycle. This 
means that a satisfies the cocycle equation: 

a(6i,6 2 )a(62,6 3 ) = 0(61,63) 

for a.e. 61,62,63 G B. Let 7Z a = 7Z a (X) be the equivalence relation on B x X given by 
(6, x) ~ n °> (6', x') if (6, 6') e TZ and a(b', b)x = x'. 
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Lemma 2.4. Suppose T = {J r n }^i 1 is a sequence of subset functions for TZ. Let T a = 
{J^}£° =1 be defined by 

J^(b,x) = {{b',x') G B x X : b' e F n {b) x' = a(b',b)x}. 

If T is anchored then T a is anchored. If T is extremely asymptotically invariant then T a 
is extremely asymptotically invariant and if T has the extreme Besicovich property then T a 
has the extreme Besicovich property. 

Proof. We will show that if J 7 is extremely asymptotically invariant then J 7 " is also extremely 
asymptotically invariant. The other claims are similar. Let $ C Inn (TV) be a countable 
generating set witnessing the extreme asymptotic invariance. For each G $, define <f) a G 
lnn(Tl a ) by (f> a (b,x) = ((j)(b),a((f)(b),b)x). Then $ Q := {(f) a : G $} C lnn(TZ a ) is a 
countable generating set witnessing the extreme asymptotic invariance of T a . □ 



3 A horospherical ratio ergodic theorem for the free 
group 

Let F = (ai, . . . , a r ) be the free group of rank r > 2. The reduced form of an element g G F 
is an expression of the form g — Si • ■ • s n with Sj G S and Sj + i 7^ s" 1 for all i. The reduced 
form of g is unique. Define \g\ := n, the length of the reduced form of g. Define a distance 
on F by d(g u g 2 ) := \gi 1 g 2 \- 



3.1 The boundary 

The boundary of F is the set of all sequences £ = (£1,^2, . . .) G S N such that 7^ £j _1 for 
alH > 1. We denote it be <9F. 

We define a probability measure v on <9F as follows. For every finite sequence ti, . . . ,t n 
with t i+ i 7^ tT L x for 1 < % < n, let 

^({(6,6, • • •) e d¥ : & = ^ VI < % < n}) := (2r - l)—^)" 1 . 

By the Caratheodory extension theorem, this uniquely extends to a Borel probability measure 
v on d¥. 



3.2 Horospheres 

There is a natural action of F on d¥ by 

(*!••• *7i)£ = (*!)•••) *n-fc) £fc+l> £fc+2, • • •) 



where ii, . . . , t n G S, t\ ■ • • t n is in reduced form and k is the largest number < n such that 
C rl — tn+i-i f° r ah i < k. Observe that if g — t± ■ • -t n then the Radon-Nikodym derivative 
satisfies 

-(0 = (2r-l) 2fc - 



dv 
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Let 1Z be the tail equivalence relation on dW given by (£, rf) £ 7?. if there exists N > 1 
such that n > N =>■ £ n = r) n . Given £ £ 72. , the set if^ = {g £ F : (£, (7 _1 £) £ 7£o} is the 
horosphere centered at £ passing through the identity e. Note that ^g— (£) = 1 if </ £ #£. 
So z/ is 7?-o-invariant. 

Let £> = {B n } be the sequence of subset functions given by 

B n (0 = {?? £ <9F : r/ fc = £ fe VA: > n}. 

In other words, B n (£) is the set of all g£ where g ranges over the intersection of the horosphere 
with the ball of radius 2n in F. 
In the next section we show: 

Theorem 3.1. The sequence B is anchored, extremely asymptotically invariant and satisfies 
the extreme Besicovich property. 

3.3 Extreme properties of B 

Definition 3.1. We will say that a map : dW — > dW has order < n if there is a bijection 
0' : S n -> S n such that 

1. for any £ £ dW, <j>(£ 1} . . . , f n ) = (£, £ n+2 , • • •) where £ n ) = (&...,&); 

2. in the above £^ = £ n and, since 0(£) £ <9F, 7^ f° r an y 

Lemma 3.2. The set of finite order inner automorphisms of TZq generates TZq. 

Proof. If (£, r/) £ 7£ then there exists an N such that n > N implies £ n = r] n . Let 0' : S N — > 
S N be a bijection satisfying 

1. ^'(fi, . ..,£jv) = (?7i, • • ., f/iv); 

2. if (si, . . . , s^) £ satisfies Sj+i 7^ s^ -1 for any z and ^>'(si, . . . , sjy) = (ii, . . . , then 

7^ ti 1 for an y 

Define £ Inn(7£ ) by 0(s x , s 2 , . . .) = . . . , £/v, «JV+i, • • •) where . . . , s N ) = (ti, ...,t N ). 
This is an inner automorphism of finite order and clearly 0(£) = 77. □ 

Proof of Theorem \3.1[ It is immediate from the definition of B that S is anchored and satis- 
fies the extreme Besicovich property. To see that it is extremely asymptotically invariant, let 
$ C Inn (72.o) be the set of finite order inner automorphisms. This is a countable generating 
set by the previous lemma. Clearly, each B n is preserved under all automorphisms of order 
<n. □ 
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3.4 A horospherical ratio pointwise ergodic theorem 



Let (X, A) be a standard a-finite measure space on which F acts non- singularly. Let a : 
TZ -)> F be the cocycle at(£,r)) = g G F where grj = £ (e.g., g = (£1 ■ • -£n)(vi • • 'Vn)' 1 if 
£n = for all n > iV). Define the equivalence relation TZq = TZq(X) on d¥ x X and the 
sequence of subset functions B a = {B^ L } C ^ =1 as in §2.61 By Theorem 13.11 and Lemma [231 
it follows that B a is anchored, extremely asymptotically invariant and satisfies the extreme 
Besicovich property. So Theorem 12.11 implies: 

Theorem 3.2. B a is a ratio ergodic sequence in L 1 . I.e., for every u,uG L 1 (d¥ x X, v x A) 
with v>0, RATIO?" [u,v] converges pointwise a.e. to¥^ ux \) v 

Theorem 11.11 is implied by Theorem 13.21 above because B a (x,C,) = {g(x, £) : g l G 
if^, \g\ < 2n} implies 

RATIO„ [u,v\ = 5 . 

T, g -ieH i>]g \<Zn T9 < X >0 



4 Ergodic components of the horospherical relation : 
some examples 

Observe that the cocycle a : TZq — > ¥ defined above takes values in F 2 := the index 2 
subgroup of F consisting of all words of even reduced length. Let F rv (X, A) be a non- 
singular action on a standard cr-finite measure space. Theorem 13.21 raises the following two 
natural problems. 

1. If F rv (X, A) is ergodic then is the diagonal action F rv (X x d¥, A x v) ergodic? 

2. If the diagonal action F 2 rx (X x d¥, A x v) is ergodic then is the equivalence relation 
n%{X) ergodic? 

In [BN1] it was shown that, if (X, A) is a probability space and the action preserves the 
measure then the answer to both questions is 'y es '- We show here that both questions have 
negative answers in general. 

Example 4.1. This is a counterexample to (1). Let X = (d¥ x d¥) \ A be the set of pairs 
of distinct points in the boundary d¥, which can also be identified with set of bi-infinite 
geodesies in the Cayley tree. As is well known, there exists a Radon measure A on X, which 
is absolutely continuous to the product measure v X v and invariant under the action of F 
on X (given by the diagonal action on the product). Moreover F r\ (X, A) is ergodic by 
Kaimanovich's double ergodicity Theorem |Ka03] (which can easily be proven directly in 
this special case). 

Consider now the space d¥ x X with the product measure v x A, and the invariant conull 
set consisting of triples of distinct points. It is well-known that the action of F on the latter 
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set is in fact proper (as an action on a metric space) and in particular admits a global Borel 
section. Since the equivalence relation TZ is a sub relation of the relation determined by 
the F-orbits, it follows that TZ admits many 7£-invariant sets of intermediate measure and is 
certainly not ergodic. In fact, the F-action on the product dW x X is measure-theoretically 
smooth. 

Example 4.2. The following provides further counterexamples to (1). Let G = SL 2 (M.), 
and X = G/H, with H a unimodular connected subgroup, and A taken as the G-invariant 
measure on G/H. Let F act via a dense homomorphism 7T : F — y G. 

We want to consider the question of ergodicity of F on the product dW x X, and for that 
let us view the homomorphism n as a cocycle a : F x d¥ — > G via a(g,b) = n(g). The 
Mackey range Y of the cocycle is the space of ergodic components of the induced action of F 
on d¥ x G (by f(b, g) = (fb, a(f, b)g)). The group G acts on d¥ x G via g(f, h) = (/, hg- 1 ). 
Because this action commutes with the action of F, it descends to an action on Y . Since 
the action of F on d¥ is amenable and ergodic, G acts amenably and ergodically on Y. By 
[Zi78b], any ergodic amenable action of G factors over a transitive amenable action G/L, 
with L being a closed amenable subgroup. 

Since L is amenable, it leaves a probability measure on the boundary of hyperbolic space 
invariant, and therefore it is either conjugate to a subgroup of the maximal compact subgroup 
K, or conjugate to a subgroup of the minimal parabolic subgroup P, or to a subgroup of the 
group Nk{A), the normalizer in K of the diagonal group A. By passing to a further factor 
if necessary, we can therefore assume either L = K,L = PotL = Nk(A). 

Since G/L is a factor of the Mackey range of the cocycle a, it follows that a is cohomol- 
ogous to a cocycle taking values in L, and this is equivalent to d¥ admitting an a-invariant 
map if) to G/L. Since the cocycle is defined by a(g, b) = n(g), this amounts to a measurable 
non-singular map if>, equivariant with respect to the actions of F on both sides. 

Thus we have a non-singular factor map if) : d¥ — > G/L. Now in general (see |Zi78aj ). 
for any G-space X, ¥ is ergodic on d¥ x X (acting via n) if and only if G is ergodic on 
7x1. Choosing X = G/H, by Moore's ergodicity theorem (see e.g. |Zi84j ). G is ergodic 
on G/L x G/H if and only if H is ergodic on G/L. Since the Mackey range Y factors over 
G/L, it follows of course that G is not ergodic on Y x G/H if H is not ergodic on G/L. 
Choosing H to be the trivial group {e}, the maximal compact subgroup K, or the diagonal 
subgroup A, we obtain that H is not ergodic on G/L, for any of the admissible choices of L, 
namely L = K,L = P or L = N K (A). 

Thus taking X to be the group itself (X = 6X2 (1R)), or the hyperbolic plane (X = HI 2 = 
G/K) or the de-Sitter space (X = G/A), we conclude that the F-action on d¥ x X is not 
ergodic. 

Example 4.3. To obtain a counterexample to question (2), we consider the action of F on 
(<9F x d¥, v x v). This action is ergodic (e.g. by Kaimanovich's double ergodicity theorem, 
which can easily be proven directly in this special case). The induced action of F 2 on 
(<9F x d¥ ,v x v) is also ergodic. However, the equivalence relation 7?.q(<9F) is not ergodic. 
To see this, note that a point {b, c) G d¥ x d¥ with b 7^ c determines a geodesic 7 : Z — > 
¥ from b to c. Let H c be the horosphere centered at c that passes through the identity 
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element. Without loss of generality we may assume that 7(0) is contained in H c . Define 
J(b,c){n) = 7(n) _1 7(ri + 1). We claim that the map (6, c) G d¥ x d¥ 1— > J(b, c ) is invariant 
under the relation 7?.q(<9F). Because the map (b, c) J(b,c) is not constant a.e. this proves 
that TZq (d¥) is not ergodic. 

Any element in the TZq (<9F)-equivalence class of (b, c) has the form (g~ 1 b, g~ l c) where 
g G H c . Notice that g~ 1 H c = H g -i c . Therefore, g _1 7 is the geodesic from g~ 1 b to g~~ x c and 
g~ lr y(0) is contained in H g -i c . So if J' = J( g -ib, g - 1 c) then 

J\n) = QrSHr + 1) = 7W _1 7(« + 1) = J(6,c)(n). 

This proves the claim. 

It would be useful to establish general conditions on an ergodic non-singular action F rx 
(X, A) which imply positive answers to questions (1) and (2) above. As am example, note 
that even the following is not known. 

Question 4.4. Suppose F — > Isom(E n ) is a dense embedding into the isometry group of 
Euclidean n-space. Through this embedding, F acts by isometries on Euclidean n-space. Is 
the induced action F rx (E n x d¥, X n x v) ergodic? Here X n is the Lebesgue measure on E n . 
If so, then is the equivalence relation TZ^(E, n ) ergodic? 

References 

[AK63] Arnol'd, V. I. and Krylov, A. L. Uniform distribution of points on a sphere and cer- 
tain ergodic properties of solutions of linear ordinary differential equations in a complex 
domain. Dokl. Akad. Nauk SSSR 148 (1963), 9-12. 

[AL05] Aaronson, J. and Lemariczyk, M. Exactness of Rokhlin endomorphisms and weak mixing 
of Poisson boundaries. Algebraic and topological dynamics, 77-87, Contemp. Math., 385, 
Amer. Math. Soc, Providence, RI, 2005. 

[BN10] Bowen, L. and Nevo, A., Geometric covering arguments and ergodic theorems for free 
groups. Math. ArXiv 0912.4953, Sept. 2010. Submitted. 

[BN11] Bowen, L. and Nevo, A., Pointwise ergodic theorems beyond amenable groups. 
arXiv:1103.2519. To appear in Ergodic Theory and Dynamical Systems. 

[Brxx] Breuillard, E. Random walks on Lie groups, survey. Preprint, 
http : //www . math . u-psud . f r/~breuilla/part0gb . pdf 

[BrlO] Breuillard, E. Equidistribution of dense subgroups on nilpotent Lie groups. Ergodic 
Theory Dynam. Systems 30 (2010), no. 1, 131-150. 

[Br05] Breuillard, E. Local limit theorems and equidistribution of random walks on the Heisen- 
berg group. Geom. Funct. Anal. 15 (2005), no. 1, 35-82. 

[BuOO] Bufetov, A. I. Convergence of spherical averages for actions of free groups. Ann. of Math. 
(2) 155 (2002), no. 3, 929-944. 



19 



[BK] Bufetov, A. and Klimenko, A. On Markov Operators and Ergodic Theorems for Group 
Actions. Preprint, February 2012. 

[DS] Dunford, D. and Schwartz, J. Linear operators, Part I. Wiley Classics Library Edition 
Published 1988. 

[Fe07] Feldman, J. A ratio ergodic theorem for commuting, conservative, invertible transforma- 
tions with quasi-invariant measure summed over symmetric hypercubes. Ergodic Theory 
Dynam. Systems 27 (2007), no. 4, 1135-1142. 

[Ga70] Garsia, A., Lectures in almost everywhere convergence. Lectures in Advanced Mathemat- 
ics, 4 (1970) Markham Publishing Company. 

[G03] A. Gorodnik, Lattice action on the boundary o/SL(n,M). Ergodic Theory Dynam. Sys- 
tems 23 (2003), no. 6, 1817-1837. 

[GM05] A. Gorodnik and F. Maucourant, Proximality and equidistribution on the Furstenberg 
boundary. Geom. Dedicata 113 (2005), 197-213. 

[GN08] A. Gorodnik and A. Nevo, The ergodic theory of lattice subgroups, Annals of Mathematics 
Studies 172, Princeton University Press, 2010. 

[GN12a] A. Gorodnik and A. Nevo, On Arnold's and Kazhdan's equidistribution problems, Erg. 
Th. h Dyn. Sys., To appear. 

[GN12b] Gorodnik, A. and Nevo. A., Ergodic theory and the duality principle on homogeneous 
spaces. Math. ArXiv 1205.4423, May 2012. Submitted. 

[GO07] A. Gorodnik and H. Oh, Orbits of discrete subgroups on a symmetric space and the 
Furstenberg boundary. Duke Math. J. 139 (2007), no. 3, 483-525. 

[GW07] A. Gorodnik and B. Weiss, Distribution of lattice orbits on homogeneous varieties. 
Geom. Funct. Anal. 17 (2007), no. 1, 58-115. 

[Gr99] Grigorchuk, R.I. Ergodic theorems for the actions of a free group and a free semigroup. 

Mat. Zametki 65 (1999), no. 5, 779-783; translation in Math. Notes 65 (1999), no. 5-6, 
654-657. 

[Gu68] Guivarc'h, Y. Generalisation d'un theoreme de von-Neumann. C. R. Acad. Sci. Paris, 
268 (1969), 1020-1023. 

[Gu76] Guivarc'h, Y. Equirepartition dans les espaces homogenes. Theorie ergodique (Actes 
Journees Ergodiques, Rennes, 1973/1974) (Lecture Notes in Mathematics, 532). 
Springer, Berlin, 1976, pp. 131-142. 

[HolO] Hochman, M. A ratio ergodic theorem for multiparameter actions. J. Eur. Math. Soc. 
(JEMS), Volume 12, Issue 2, 2010, pp. 365-383. 

[Ho37] Hopf, E. Ergodentheorie. Number 5 serii Ergebnisse der Mathematik. Springer, Berlin, 
1937. 



20 



[Hu44] Hurewicz, W. Ergodic theorem without invariant measure. Ann. of Math. (2), 45:192- 
206, 1944. 

[Ka03] Kaimanovich, V. A., Double ergodicity of the Poisson boundary and applications to 
bounded cohomology. Geom. Funct. Anal. 13 (2003), no. 4, 852-861. 

[Ka65] Kazdan, D. A. Uniform distribution on a plane.Txudy Moskov. Mat. Obsc. 14 1965 299- 
305. 

[L99] F. Ledrappier, Distribution des orbites des rseaux sur le plan reel. C. R. Acad. Sci. Paris 
Ser. I Math. 329 (1999), no. 1, 61-64. 

[L01] F. Ledrappier, Ergodic properties of some linear actions, Journal of Mathematical Sci- 
ences, Vol. 105, (2001) pp. 1861-1875. 

[LP03] F. Ledrappier and M. Pollicott, Ergodic properties of linear actions of {2 x 2) -matrices. 
Duke Math. J. 116 (2003), no. 2, 353-388. 

[LP05] F. Ledrappier and M. Pollicott, Distribution results for lattices in SL(2, Q p ). Bull. Braz. 
Math. Soc. (N.S.) 36 (2005), no. 2, 143-176. 

[Ne94] Nevo, A., Harmonic analysis and pointwise ergodic theorems for non-commuting trans- 
formations. J. Amer. Math. Soc. 7 (1994), 875-902. 

[NS94] Nevo, A. and Stein, E., A generalization of Birkhoff's pointwise ergodic theorem, Acta 
Math. 173 (1994), no. 1, 135-154. 

[Val2] P. Varju, Random walks in Euclidean space. Math. ArXiv, 1205.3399. 2012. 

[Vo04] Vorobets, Ya. B. On the uniform distribution of orbits of finitely generated groups and 
semigroups of plane isometries. Mat. Sb. 195 (2004), no. 2, 17-40; translation in Sb. 
Math. 195 (2004), no. 1-2, 163-186. 

[Zi78a] Zimmer, R., Amenable ergodic group actions and an application to Poisson boundaries 
of random walks. J. Funct. Anal. 27 (1978), 350-372. 

[Zi78b] R. J. Zimmer, Induced and amenable actions of Lie groups. Ann. Sci. Ec. Norm. Sup. 
11, pp. 407-28 (1978). 

[Zi84] Zimmer, R., Ergodic Theory and Semisimple Groups. Monographs in Mathematics, 81, 
Birkhauser, 1984. 



21 



